ON THE NONEXISTENCE OF HIGHER TWISTINGS 



JOSE MANUEL GOMEZ 

Abstract. In this note we show that there are no higher twistings for the Borel 
cohomology theory associated to G-equivariant K-theory over a point and for a 
compact Lie group G. Therefore, twistings over a point for this theory are classified 
by the group H\BG,Z/2) x H^{BG.Z). 



1. Introduction 

The goal of this paper is to show that all the higher twistings for the Borel coho- 
mology theory associated to equivariant K-theory over a point and for a compact Lie 
group G are trivial. 

In general for a non-equivariant multiplicative cohomology theory E*, where the 
multiplication is rigid enough in the sense it is represented by an E'oo-ring spectrum, 
we can consider local coefficients or twistings. This procedure allows us to construct 
finer invariants out of the theory E*. The use of local coefficients is a standard tool in 
algebraic, where for example in the case of singular cohomology they arise naturally 
in the Serre spectral sequence. 

Suppose that E is an E'oo-ring spectrum and let Z = Eq he the zero space. Z 
is an Eoo-Ting space (see [H] and [9] for definitions and P Corollary 6.6]) and if we 

write Z = lJaG7ro(z) ^^^^ ^® = GLiE = ]Jaeno{z)^ sP^c^ °f ^^i^S' 

infinite loop space by |9l Corollary 6.8]. The space BZ^ classifies the twistings for 
the theory E*, this means that for a space X and any map f : X —>■ BZ^, we have a 
twisting Ej of the theory E* over X. The groups EjlX) and Ej,{X) are isomorphic 
through a possibly non-canonical isomorphism whenever / and /' are homotopic. In 
this sense we say that twistings of E* over X are classified by the group [X, BZ,^] . 
As a particular case we can consider non-equivariant K-theory. Twistings for this 
theory are classified by the spectrum of units i^g, ~ Z/2 x BU^, where BU,^ is the 
space BU with the structure of an H-space corresponding to the tensor product of 
vector bundles. Thus for a CW-complex X, the non-equivariant twistings of complex 
K-theory over X are classified by the group 

[X,BK^]. 

In [12], Segal proved that BU,^ is an infinite loop space and in [7j, Madsen, Snaith 
and Tornehaveit proved that there is a factorization BU,^ = fC(Z, 2) x BSU,^ of 
the respective spectra. We conclude that twistings of K-theory over a space X are 
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classified by homotopy classes of maps 

X K{Z/2, 1) X if (Z, 3) X BBSU^; 

that is, we have twistings corresponding to the groups H^{X,Z/2), H^{X,7j) and 
6sM^(X) = [X, BBSU,^]. We call the twisings corresponding to the group bsu^{X) 
higher twistings. For the equivariant case the situation is more complicated. We 
do not know what the "right" notion for the spectrum of units for an equivariant 
spectrum is. In particular, we do not know the group that classifies the more general 
twistings for equivariant K-theory. However, for the untwisted case, we have the 
famous Atiyah-Segal completion theorem (see [3]). This theorem says that if G is a 
compact Lie group acting on X a G-CW-complex, then we have a natural isomorphism 

K*a{X)j = K*c{X X EG), 

where I is the augmentation ideal of the representation ring. 

The twistings that we consider here are the twistings of the Borel cohomology 
theory associated to G-equivariant K-theory, where G is a compact Lie group. Hence, 
for a G-CW-complex X, the twistings for the Borel cohomology theory associated to 
G-equivariant K-theory are classified by the group 

H^{X,Z/2) X H^iX,Z) X bsuliEG XgX). 

In particular, for the case of a point we obtain 

H\BG, Z/2) X H^{BG,Z) x bsul{BG). 

The goal of this paper is to prove that the group bsu^{BG) vanishes for a compact 
Lie group, which means that there are no higher twistings for the Borel cohomology 
theory associated to G-equivariant K-theory and over a point. 
In what follows we will use the following notation. 

Notation: We will denote by k the spectrum representing connective complex K- 
theory and by K the spectrum representing complex K-theory. For a prime p we will 
denote by Zp the ring of p-adic integers. Given a spectrum F and an abelian group 
G we can introduce G coefficients on F by considering the spectrum Fq = F A MG, 
where MG is a Moore spectrum for the group G. Thus in particular we consider 
Fi^ and F^/(^pk^ for a prime number p. Also in general for a spectrum F and any 
integer n we can find the (n — l)-connected cover of F, which we denote by F (n). 
This is a spectrum together with a map F (n) F that induces an isomorphism 

7rk{F {n)) ^ TTfcF for k > n and such that 7rk{F {n)) = for k < n. Note that in 
particular by the periodicity we have S^fc = K (4). 

I would like to thank Professor Robert Bruner for kindly explaining to me that 
k^{BG) = for a compact Lie group. This is a crucial result that represents a big 
part in this work. 

2. Triviality of bsu]^{BG). 

In this section we are going to show that the group bsu^{BG) is trivial. This 
implies that there are no higher twistings for the Borel cohomology theory associated 
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to equivariant K-theory over a point and for a compact Lie group G. In this case, 
there are only lower twistings; that is, those twistings classified by H^{BG,'Z/2) x 
H^{BG,Z) as in [4J. 

Definition 2.1. We say that a topological group G satisfies the Atiyah-Segal Com- 
pletion Theorem if we have that K^{BG) = R{G)i and K^{BG) = 0, where / is the 
augmentation ideal of the representation ring R{G). 

Note that by [3J it follows that this is true for any compact Lie group. 

Lemma 2.2. Let p be a prime number. If G satisfies the Atiyah-Segal Completion 
Theorem then K^^{BG) = 0. 

Proof: Let us define 

Xk = K AMZ/(p^). 

We have maps 

Xk+i — ^ Xk 

coming from the maps 'Z/{p^~^^) Z/(p'^). Consider 

Xoo = holimXfc. 

We will start by showing 

(1) K AMZp = X^. 

We have a map K A MZp X^o arising from the canonical maps Zp Z/ (p^). Let 
us show that it induces an isomorphism on homotopy groups. By [H Proposition 6.6] 
there is a short exact sequence 

(2) TTniK) ^Zp^TTniK A MZp) ^ Torf (7r„_i (iT) , Zp) 0. 

The group Tor^(7rn_i(K), Zp) vanishes, as Zp is flat as a Z-module. Thus by ([2]) we 
have 



(3) TiniKAMZp 



Zp if n is even, 
otherwise. 



On the other hand to compute 7r„(Xoo) we have a short exact sequence 
(4) ^ lim^ 7r„+i(Xfc) ^ 7r„,(Xoo) ^ lim 7r„(Xfe) ^ 0. 

fc— >oo fc^oo 

Since 7r„(fC) = Z or according to whether n is even or odd, then by [T, Proposition 
6.6] 7r„(Xfc) = Z/{p^) or depending on the parity of n. In any case we have that 
the map 

is onto, so the lim^ vanishes. Therefore 



(5) 7r„(X. 
and the map 



Zp if n is even. 



otherwise 
K A MZp holimir A MZ/(/) = Xoo 

fc— >oo 
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induces isomorphism on tt*. This shows ([T]). 
Let us show now that 

(6) KliBG) = XliBG) = 0. 

To compute this cohomology we consider the short exact sequence 

(7) ^ hm^ X^iBG) ^ XliBG) ^ hm Xl{BG) ^ 0. 

fc— »oo fe— >oo 

On the other hand, since X^ = K A MZ/{p^), by [T], Proposition 6.6] we have a short 
exact sequence 

(8) ^ K^{BG) ® Z/(/) ^ Xl{BG) Toif {K%BG), Z/(/)) ^ 0. 
Since G satisfies the Atiyah-Segal completion theorem, we have that 

K\BG) = K\BG) = 

K%BG) = K'^iBG) = RiGYi. 

We know that R{G) is a free, and hence fiat Z-module, and R{G)j is a fiat R{G)- 
module. By change of basis it follows that R{G)i is a fiat Z-module. Therefore from 
get that Xl{BG) = 0. 
We also have the exact sequence 

(9) ^ K\BG) ® Z/(/) ^ X^{BG) Tot^{K^{BG), Z/(/)) ^ 0. 

Since K^{BG) = 0, we conclude from Q that = ® Z/(p'=). From 

here we can see that the maps X^_,_^(5G) X^^BG) are surjective and thus the lim^ 
term in the short exact sequence ([7]) vanishes. Since the outer terms in that sequence 
are zero we see that Kl^{BG) = X^{BG) = 0. □ 

Proposition 2.3. Let G be a topological group that satisfies the Atiyah-Segal Com- 
pletion Theorem. Then k^{BG) = and k^^{BG) = for every prime p. 

Proof: Both k^{BG) = and k^^{BG) = are proved in a similar way with obvious 
modifications. Thus we will show in detail that kj^^{BG) = 0. 

By the previous lemma we have that K^^{BG) = 0. In general for a spectrum F 
we have the Atiyah-Hirzebruch spectral sequence. 

E'/ = H''{BG,F'{*)) =^ F''+'{BG). 

Let us apply this for the cases F = kzp and F = K^^. This way we obtain two 
spectral sequences {-E^'"*} and \}Eli^}, respectively. 

(10) Er = H^iBG, kl{*)) =^ k^-l^iBG), 

(11) 'e;'' = H^-iBG,K^^{*)) =^ Ki^;{BG). 

For the spectrum ki^ we know by [li Proposition 6.6], that fc^ (*) = 7r_„(A;)®Zp = Zp 
if n < and even, and k^^{*) = 7r_„(fcM) Zp = otherwise. For we know that 
-^Zp(*) — '^-n{Kzp) = Zp if n is even and nn{Kzp) = otherwise. Thus we have that 
E2'^ is a fourth quadrant spectral sequence with ^2'^' = H'-{BG,Zp) for s < and 
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l£<r,2s 



H^lBGjTjp) for s G Z, and zero otherwise. See 



zero otherwise. Similarly, 
Figure [1] below. 

The spectrum k comes equipped with a map of spectra k —>■ K inducing an iso- 
morphism on TTn for n > 0. By smashing with MZp we get a map k^^ — > also 
inducing an isomorphism on tt^ for n > 0. This map induces a map of spectral 
sequences {-E^'**} — ^ {^E^^^} as shown in Figure [H 

We show the result by arguing by contradiction. So assume that A;| (BG) ^ 0. We 
know that K\JyBG) = 0, and we have a map of spectral sequences {E^^} {^E^^^}. 
Thus the only way that /c|^ (BG) 7^ is that one of the differentials that kills elements 
in total degree 5 in the case fails to do so in the case of k^p- Differentials killing 
elements in total degree 5 must have source of total degree 4. From Figured] we can 
see at once that the only sources from the Kj^^ case of total degree 4 missing in the 
kzp case are H°{BG, K^^{*)) and H'^{BG, Kl^{*)). We will show that none of these 
differentials with these sources kill elements of total degree 5 in the case of K, from 
which we deduce that A;| {BG) = 0. 



Er 



'e: 




Figure 1. Spectral sequences E, ^E. 



Let * be the basepoint of BG and consider the sequence of maps * BG * 
factoring the identity * ^ *. Let us consider now the Atiyah-Hirzebruch spectral 
sequence applied to the spaces * and BG and the spectrum Kzp. Then we get a 
spectral sequence {"^E^^'^} 

(12) 'Er = H^{*,Ki^{*))^Ki-^'{*) 

and maps h^"^ : ^i?^'* ^E^^ and g^'^ : ^E^'^ ^E^^ of spectral sequences such 
that hi;' o g^^' = id. (See Figure [2) 

The maps /i^'** and gj^'^ and the identity h'^'^ o g^'^ = id tell us that all the differentials 
with source H^{BG, K^^{*)) for the spectral sequence {^E^i^} must vanish, as they 
do for the spectral sequence {^El^^}. 
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Now let US study the case of differentials with source H'^{BG, K^^{*)) for the spec- 
tral sequence {^E^'"^}. We are going to show that all such differentials are trivial. 
This is a contradiction and hence the proposition follows. 




-^2 



Figure 2. Spectral sequences ^E, "^E. 



To investigate these differentials we will first study the differentials for the Atiyah- 
Hirzebruch spectral sequence for the spectrum K. So we have a spectral sequence 

(13) ^E'/ = H'iBG, K'{*)) =^ K'+'iBG). 

We are going to show first that all the differentials with source H'^{BG, K'^{*)) vanish. 
To show this, notice that 

H'^{BG, K^{*)) = H'^{BG, Z) = [BG, K{Z, 2)], 

and the latter is in a one to one correspondence with isomorphism classes of complex 
line bundles over BG, so every element in H'^{BG, K'^{*)) is the first Chern class of 
a complex line bundle over BG. Let a G H^{BG, K'^{*)). Then we can find a map 
/ : BG K{Z,2) such that a = /*(ci(7i)) = Ci(/*7i) , where 71 is universal line 
bundle over K{Z,2). Let "^-E"^'^ be the Atiyah-Hirzebruch spectral sequence of the 
space K{Z, 2) ~ CP°° corresponding to the spectrum K, so that 

(14) ^E^'' = H''{K{Z, 2), K'{*)) =^ K'+'{K{Z, 2)). 

The ^£'2-term of this spectral sequence only has terms in the even components and 
hence the sequence collapse and all the higher differentials are zero. 

The map / gives a map of spectral sequences /^'* : ^E'^^ ^E^^. By construction 



we have that /g' (ci(7i)) = a. Since all the differentials on { E^'^^} are zero it follows 
that a vanishes on all the differentials. Since a was arbitrary we see that all the 
differentials on the spectral sequence {^E'^ ''} with source H'^{BG, K'^{*)) must vanish. 
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Figure 3. Spectral sequences ^E,"^ E. 



Take i : S MZp a map representing the unit of vroMZp. This induces a map of 

spectra K = KAS-^KA MZp. This map induces a map of spectral sequences 
j^'** : ^E^^ — > ^E^^. Since each term of the spectral sequence ^E is a Zp-module, 
by tensoring with Zp we get a map of spectral sequences j^'** : ^E^'^ ® Zp ^ ^-E^'*- 
Notice that already on the ii^2-level this map is an isomorphism because Hn{BG) is 
finitely generated, and thus by [11, Corollary 56.4] we have a short exact sequence 

(15) ^ H'{BG, Z) ® Zp ^ H''{BG, Zp) ^ Torf (i7"+^(5G'), Zp) ^ 0. 

Since Zp is a flat Z-module, from f|T5l) we see that 

H'iBG, Z) ® Zp ^ H^'iBG, Zp), 

and this isomorphism is precisely the j map. Because the differentials with source 
H'^{BG, K^{*)) in the spectral sequence {^E^'^} are all trivial it follows that all the 
differentials with source H'^{BG, K^^{*)) are also trivial. □ 

Definition 2.4. Given a system of groups 

{Gn} = ■■■—> Gn+l ■ ■ ■ ^ G2 ^ Gi, 

we say that {Gn} satisfles the Mittag-Leffler condition if for every i we can flnd a 
j > i such that for every k > j 

Im{Gk Gi) = Im{Gj Gt). 

It is well known that if {Gn} satisfles the Mittag-Leffler condition then 

lim^ Gk = 0. 

fc— ►oo 

On the other hand, if each Gk is a countable group, then by \]Sh Theorem 2] we have 
that the system {Gn} must satisfy the Mittag-Leffler condition. 
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Suppose now that G is a compact Lie group. Then higher twistings of the Borel co- 
homology theory associated to G-equivariant K-theory and over a point are classified 
by 

bsuliBG) = [BG,BBSU^]. 

We are now able to show that for a compact Lie group this vanishes. We do this in 
the following theorem. 

Theorem 2.5. For any compact Lie group G, 

bsuliBG) = [BG,BBSU^] = 0. 

Proof: For every A; > denote by the image of IJo<n<fc ^ '^^^ 
Ffc's form an increasing filtration of BG and since G is compact Lie each Fj. is of the 
homotopy type of a finite CW-complex. Let us denote 

Ak = k\Fk) and 5^ = 6s< (F^). 

Using the filtration {Fk} we get a short exact sequence 

(16) -> lim^ Ak k^BG) lim k%Fk) 0. 

k—*oo k^oo 

By Theorem 12.31 we have that the middle term in fITB]) vanishes and thus we see that 
lim^ Ak = 0. By looking at the Atiyah-Hirzebruch spectral sequence, since F^ is of 

fc— >oo 

the homotopy type of a finite CW-complex, we see that each Ak and Bk is finitely 
generated, in particular countable. Therefore the system {Ak} satisfies the Mittag- 
Leffler condition. 

On the other hand, by [2l Corollary 1.4] we have that after localization or comple- 
tion at any prime p, the spectrum bsU(^ is unique up to equivalence. In our context 
this means that K (4) A MZp ~ bsu^ A MZp for every prime p. But we have that 
bsU(^ A MZp ~ S"^A; A MZp. Thus for each k we have that 

(17) Ak®Zp = ki^ ^ (bsu^ A MZp)\Fk) = Bk® Zp. 

The outer equalities follow by IJ^ Proposition 6.6]. Therefore we have a commutative 
diagram in which the vertical arrows are isomorphisms 

An^Zp ■■■ A2®Zp Ai®Zp 

(18) i i i 

^ Bn®Zp ■■■ B2®Zp Bi®Zp. 

Let i > be fixed. Since the system {Ak} satisfies the Mittag-Leffler property we can 
find a j > i such that for each k > j 

lm{Ak Ai) = lm{Aj Ai). 

The following is a short exact sequence: 

(19) ^ Ker(Afc A,) ^ Ak ^ Im(A, A,) 0. 
Since Zp is a fiat Z-module we have that 

(20) Ker(Afc Ai) ® Zp ^ Ak ® Zp lm{Ak Ai) ® Zp ^ 
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is also exact. This shows that lm{Ak Ai) ® Zp = lm{Ak ® Zp — > Ai ® Zp) and thus 
we see that for every k > j and every prime p we have 

lm{Ak (g)Zp^ Ai(g) Zp) = lm{Aj (g)Zp^ Ai(g) Zp). 

By the diagram flTSl) we conclude that for every p 

lm{Bk Bi) ® Zp = Im(5fc ®Zp^ B.,® Zp) = 
lm{Bj ®Zp^ Bi® Zp) = \m.{Bj B^) ® Zp. 

Thus the groups lm.{Bk Bi) and lm.{Bj Bi) are two finitely generated groups 
that are equal after tensoring with Zp. By Lemma [2.61 below we see that 

lm{Bk ^ Bi) = lm{Bj ^ Bi). 

We have proved that the system {Bk} satisfies the Mittag-LefHer condition and thus 

(21) lim^ Bk = lim^ bsuliFk) = 0. 

fc— >oo fc— ^oo 

Using the filtration {Fk} for the spectrum bsU(^ we get a short exact sequence 

(22) ^ lim^ Bk hsuUBG) lim hsuUFk) 0. 

fc— »oo fc— >oo 

Since the lim^ part vanishes we get that 

bsuliBG) = lim bsuliFk). 

fc— >oo 

We show now that the latter vanishes. To see this, note that for every prime p we 

have a short exact sequence 

(23) 

\im\bsu^ A MZp)°(Ffc) ^ {bsU(^ A MZp)\BG) lim {bsu^ A MZpf{Fk) 0. 

fc— >oo fc— »oo 

The term in the middle of (|23l) vanishes and hence we see that 

lim [bsu^ A MZp)\Fk) = 0. 

fc— >oo 

But by P, Proposition 6.6] we have that {bsut^ A MZp)^(Ffc) = bsu^{Fk) ® Zp. Thus 
for every prime p the map 

lim bsu^{Fk) Zp = 0. 

fc— >oo 

The proof finishes by using Lemma 12.71 to see that 

lim bsuUFk) = 0. 

fc— >oo 

□ 

Lemma 2.6. Suppose that A and B are two finitely generated abelian groups with 
A G B and that for every prime p, A ® Zp = B ® Zp. Then A = B. 
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Proof: We have a short exact sequence 

0^ B ^ B/A 0. 
Since Zp is a flat Z-module we see that 

O^A(^Zp^B®Zp^B/A®Zp^O 

is also exact. As A ® Zp = B ® Zp we see that B /A ^ Zp = 0. This is true for every 
p. This imphes that B/A = 0. □ 

Lemma 2.7. Let ■ ■ ■ ^ Gk ^—^ ■ ■ ■ ^ G2 ^ Gi be a system of finitely generated 
abelian groups such that hnifc^oo Gk®Zp = Q for all primes p. Then hnifc^oo Gfe = 0. 

Proof: Let / : ni>i ~^ Y\i>i deflned by 

/(Xi, X2, ...) = (Xi - fl{x2),X2 - f2ix3), ■■■). 

We want to show that / is injective, as \imk-^oo Gk = Ker(/). Suppose 

X = {xi,X2, ...) e Ker(/). 

Then we have that ip{x) G Ker(/p) = 0. Here ip : Y[i>i ~^ Y[i>i ® ^p- Thus for 
each i we have that Xi G Ker(G'fc — Gfc ® ^p) for each prime p. Since G^ is flnitely 
generated we have that 

fl KeT{Gk^Gk®Zp) = 0. 

p prime 

Thus a; = 0. □ 

Corollary 2.8. For a compact Lie grouop G there are no higher twistings for the 
Borel cohomology theory associated to G-equivariant K-theory. 

Remark: In general, the group hsu\{BG) does not vanish if G does not satisfy the 
Atiyah-Segal Completion Theorem. To see this let us consider an odd dimensional 
sphere S"^^^^ with n > 2. By the Kan-Thurston Theorem (see |6]) we know that there 
is a discrete group Gn and a map / : BGn 5^"+^ that is a homology equivalence. 
Since / is a homology equivalence, it follows that hsu]^{BGn) = hsu^^{S'^^'^^) . (This 
follows as we get isomorphism in the i?2-term and onward in the Atiyah-Hirzebruch 
spectral sequence.) Let us show now that hsu]^{S'^'"'^^) 7^ 0. This will prove the 
proposition. Let p be a prime number. We know that hsU(^ A MZp ~ hsU(^ A MZp ~ 
T.'^k A MZp, and thus 

fes«^(52"+i) ® Zp = {hsu^ A MZp)i(S2"+i) = A;|^(52"+^) = k^iS^""^^) ® Zp. 

Here we used p^, Proposition 6.6] as 5*^""*"^ is flnite, and also the fact that Zp is a flat 
Z-module. Notice that both hsu]^{S'^^^^) and k^{S'^^^^) are flnitely generated abelian 
groups. In general, if A is a flnitely generated abelian group, A = if and only if 
A ® Zp = for every prime number p. Thus, to show that hsv}^{S'^^^^) 7^ 0, we only 
need to show that k^{S'^^^^) 7^ 0. To do so we use the Atiyah-Hirzebruch spectral 
sequence 

W\S^''+\k'{*)) =^ F+^(52"+i). 
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Figure 4. Atiyah-Hirzebruch spectral sequences for 



Wc claim that this spectral sequence collapses on the £'2-tcrm. To see this, we only 
need to note that the corresponding spectral sequence collapses in the case of K. 
Since we have a map of spectra k ^ K inducing an isomorphism on tt^ for n > 0, 
the spectral sequence in the case of k also collapses. Since n > 2, we see = 

Remcirk: If G is a compact Lie group and if we consider twistings of the Borcl coho- 
mology theory associated with G-equivariant K-theory we encounter higher twistings 
if we work with spaces more general than a point. For example in the trivial case 
where G = {e} is the trivial group, then for X — an odd sphere with n > 2 we 

have higher twistings these are classified by the group 

651^^(5^"+^) = Z 7^ 0. 
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